We have analyzed polarization data for a large number of isolated pulsars to investigate the evolution of pulsar radio beams. Assuming that a circular beam is directed along the axis of a dipolar magnetic eld, we demonstrate that the distribution of magnetic inclination angles for the parent population of all pulsars is not at but highly concentrated towards small inclination angles and that, consequently, the average beaming fraction is only 10 per cent. Furthermore, we nd that there is a tendency for the beam axis to align with the rotational axis on a time-scale of 10 7 yr. This has interesting consequences for statistical studies of the pulsar population. Finally, the luminosity of pulsars is shown to be independent of the impact parameter, which indicates that pulsar beams are sharp edged and have a relatively at integrated intensity distribution.
INTRODUCTION
Polarization studies are important for studying the structure of pulsar radio emission beams and their evolution. When combined with timing data giving the rotational period, P, and its time derivatives, they allow us to study the braking torque and its dependence on parameters such as the magnetic inclination angle, .
Recently, a large number of statistical studies have been published: e.g. Narayan & Ostriker (1990) , Bhattacharya et al. (1992) and Lorimer et al. (1993) . Despite using the same observational data and rather similar recipes for the computational methods involved, the outcome of these population synthesis studies seldom agree. One of the motivations for the work presented in this paper is to derive better input distributions of various variables for such statistical studies. The clue to improving these input distributions is to gain a better understanding of the link between the observed distributions and the true underlying parent distributions. For this purpose, the distribution of magnetic inclination angles and impact parameters, , are important. For example, the underlying parent distribution of is easily obtained from the observed distribution using very simple geometrical arguments. By characterizing other variables relevant to pulsars (e.g. P, _ P, and radio luminosity) in terms of , it is possible also to obtain the distributions of these variables for the parent population of all pulsars in the Galaxy. One of the key issues in pulsar physics is that of decay of the surface magnetic eld, B, of isolated neutron stars.
It is important to determine to what extent the magnetic eld decays (if at all) in order to calculate the true age of pulsars. This in turn a ects the statistics of the Galactic pulsar population and knowledge of neutron-star equations of state derived from observations of cooling neutron stars. Polarization studies of pulsars can help to solve this problem if alignment occurs (i.e. if the distribution of is time dependent). In that case the time evolution of the braking torque acting on a pulsar may be changed and the characteristic age, P=2 _ P would no longer be a good indicator of the pulsar's true age (Manchester & Taylor 1977) . In this paper we use polarization data of Gould (1994) and Rankin (1993) to investigate the structure and evolution of the beam. These two papers not only contain the largest collection of published polarization data (more than 300 individual pulsars) but they use somewhat di erent methods of estimating and . However, we demonstrate that the general results of our analysis are largely independent of which method is used.
We shall discuss only the evolution of normal (i.e. nonrecycled) pulsars, since millisecond pulsars form a separate sub-class as a result of their binary origin. The accretion of mass and angular momentum will a ect the braking torque acting on a rotating neutron star and its subsequent evolution. Hence it is di cult to link the dynamical properties of millisecond pulsars to those of normal non-recycled pulsars because information is lost in the recycling process.
The polarization data, and calculation procedures for obtaining and , are presented in Section 2. The results of our analysis are shown in Section 3, and in Section 4 we discuss our results and their applications in statistical studies of pulsars. The conclusions are summarized in Section 5. c 1997 RAS Geometry of the polar-cap model for pulsars. As the star rotates the observer receives radiationfrom the point P which moves across the arc ST. The meridian through the magnetic axis de nes the longitude ' = 0 , and position angles are measured with respect to the projected directions of the magnetic and rotation axis. The beam is assumed to be circular in shape. (After Lyne & Manchester 1988.) 2 BEAM MORPHOLOGY AND POLARIZATION DATA 2.1 Beam structure and the emission mechanism Pulsar radio emission is believed to originate from ultrarelativistic particles which radiate in the direction of their motion while streaming out from the polar cap of a rotating neutron star (e.g. Ruderman & Sutherland 1975; Arons 1983; Beskin, Gurevich & Istomin 1988) . As a result of the high magnetic-eld strength, this radiation is expected to be highly linearly polarized either parallel or perpendicular to the plane of curvature of the magnetic-eld lines. In the magnetic-pole model (Radhakrishnan & Cooke 1969) and for a centred dipole eld, the instantaneous direction of the polarized emission is associated with the projected direction of the magnetic axis. The swing in position angle, , is expected to follow the familiar observed`S-shape' for a line of sight passing close to the magnetic axis (Manchester 1971; Lyne, Smith & Graham 1971; McCulloch et al. 1978; Morris et al. 1981) . The geometry of the magnetic-pole`hollowcone' beam model is illustrated in Fig. 1 . For a detailed description of a polarimeter, calibration procedures, Stokes parameters and data reduction, see Gould (1994) .
Di ering interpretations of the central (core) and outer (conal) emitting regions exist in the literature. Some argue that the central components are emitted from closer to the polar cap while the outer emission originates from higher up in the magnetosphere (Gil 1985) . Rankin (1983 Rankin ( , 1990 identi es core and conal components within pulsar pro les and argues that they must result from two distinct emission mechanisms { the core radiation originating from very close to the stellar surface, perhaps from the acceleration of particles along the magnetic-eld lines, and the hollow-cone emission arising from acceleration mainly perpendicular to the eld lines (e.g. curvature radiation). In her empirical theory she proposes a double hollow cone to explain the morphological characteristics of pulsar radio radiation. Lyne & Manchester (1988) and Manchester (1995) con rm the differing properties of core and conal emission, but argue that emission within the beam boundary is likely to be patchy with a random distribution of component locations within this beam boundary. They suggest that a window function common to all pulsars de nes the overall pulse shape and conclude that a single emission mechanism is most likely responsible for both the central and outer emission. The observations can be described by a gradual change in emission characteristics from the axial region to the outer edge of the beam, and both types of emission may originate at the same height ( 10 8 cm) above the surface of the neutron star { see also Gil & Popov (1992) who support this idea.
Despite these di ering interpretations, there is good overall agreement on the observed distribution of magnetic inclination angles, though for certain individual pulsars the estimated values of , using the two di erent methods (see below), may vary by as much as 20{30 . For further discussions on beam morphology, see e.g. Rankin (1983 Rankin ( , 1990 ); Lyne & Manchester (1988) ; Gil, Kijak & Seiradakis (1993) ; Gould (1994) and Manchester (1995 Manchester ( , 1997 .
Observed parameters for pulsars are the pulse period P (sec), the period derivative _ P, the pulse width 2 ' ( ) and the maximum rate of position-angle swing (d =d')max. 
The method of Lyne & Manchester
The Gould (1994) method of analysis is equivalent to that of Lyne & Manchester (1988) in which the pulsar's positionangle curve is modelled by the rotating vector model. In this model (cf. 
where o is the position angle of the direction of the rotation axis projected onto the plane of the sky, and are, respectively, the inclination of the magnetic axis and observer direction to the rotation axis, and ' is the longitude, de ned to be zero on the magnetic meridian. The maximum rate of position-angle swing occurs when the line of sight passes closest to the magnetic axis (on the magnetic meridian, ' = 0 ) and is given by:
where the impact parameter ? . From the right spherical triangle RQT, the cone semi-angle (beam radius) for a circular beam, , is given by:
where 2 ' is the total pulse width in longitude.
To estimate (and ) from the above equations one needs an estimate of the beam radius, . Gould (1994) found the following beam-radius period relations: (P) = 7:7 P ? 1 2 4{5 component pulsars 5:4 P ? 1 2 2{3 component pulsars (4) where is measured in degrees and P in seconds. For a given pulsar with known P, ' and (d =d')max, it is then easy to evaluate and from numerical tting to equations (2)- (4). Note that the tting procedure results in two solutions: > 0 and < 0 .
For individual pulse components, Gould (1994) (5) based on an investigation of the widths of side components and central components in pulsar pro les with two or more, and three or ve, components, respectively. Note that the beam radii, in equations (4)- (5) are the intrinsic beam radii. For small magnetic inclination angles, the apparent beam radius will be greater than the true value by a factor of 1= sin .
The Rankin method
From a study of six pulsars with interpulse emission, Rankin (1990) nds a relationship between the core-component width, the pulsar period and magnetic inclination angle: Wcore = 2:45 P ? 1 2 = sin :
(6) In deriving this equation, she assumed that the interpulse is emitted from the opposite magnetic pole with
90 . An alternative one-pole interpretation (Manchester & Lyne 1977; Manchester 1997) has been proposed for some of these pulsars. However, it should be noticed that Gould (1994) found a similar relationship (equation 5) based on a slightly di erent technique. Using equation (6), Rankin (1990) estimates for pulsars with a core component. To obtain it is also necessary to know (d =d')max; cf. equation (2). For the beam radius, , we chose Rankin's formula for the \outer" conal beam: = 5:75 P ?1=2 .
RESULTS

The parent distribution of magnetic inclination angles
The distributions of the observed magnetic inclination angles are plotted in Fig. 2 . The left column gives the distributions obtained by Gould (1994) while the right column gives the Rankin (1993) distributions. To the left of each panel is written the number of pulsars in a given sub-sample and on the top is written where these pulsars were taken from { further information can be found in the original references. In the top panel, we chose from Gould's data those pulsars with symmetric position-angle curves and from Rankin's data all 149 pulsars. In the second panel we chose two identical subsamples of 124 pulsars from the intersection of the two distributions in the rst panel. The third panel contains the two identical sub-samples of 139 pulsars which constitute the intersection of all pulsars from the Gould and Rankin lists. Finally, in the bottom panel we compare all pulsars from Gould (Tables 4.1{4 .7 and 4.10) and Rankin (Tables 2, 4, 5, 6, 7, 8) . One can see that these distributions match quite well. Using a 2 -test (Press et al. 1992, equation 14.3 .3) we conclude that the Gould (1994) and Rankin (1993) data are consistent with a single distribution function, despite the somewhat di erent techniques in estimating the inclination angles. We nd, on average for each panel, that the probability of a single parent distribution function is 50 per cent. Hence, for a later discussion in this paper we have chosen to consider only the two distributions with the highest number of pulsars (316 and 149) represented in the bottom panel.
From the observed distribution of inclination angles, it is straightforward to calculate the underlying \true" parent distribution of inclination angles if one knows the beam ra- To calculate the parent distribution of inclination angles from the observed distribution, we need to weight each observation by 1/f. The result is shown in Fig. 3 . The parent distribution of f is plotted in Fig. 4 using the same weighting factor.
The rst thing to be learned from Figs 2{3 is that the observed distribution of is not sine-like and the parent distribution is not at. The parent distribution of is seen to be cosine-like, or perhaps even exponentially decreasing with . This is in contrast to the conclusion reached, for example, by Gil & Han (1996) , who argue that the observed distribution resembles a sine function since the (ad hoc) distribution of is random in the parent population (Gunn & Ostriker 1970 ). However, their simulations assume that the observed distribution of pulsar periods is similar to that of the parent distribution. This assumption is clearly wrong since the beam radius is a decreasing function of period (cf. equation 4) and hence also the probability of observing a given pulsar is a decreasing function of the period (cf. Section 4.3). From Fig. 4 we conclude that the probability of observing a normal 1 pulsar is 10 2 per cent.
It should be noticed that the derived parent distribution of resembles the real parent distribution only if there are no selection e ects against pulsars with a given . It is likely that pulsars with very low values of are di cult to detect because of the very wide pulse; if < there may be little or no modulation. Also, older pulsars, which are likely to have lower values of and f( ; ), may be missed by pulsar surveys since their high space velocity takes them far from the Galactic Plane (Lyne & Lorimer 1994) . These e ects Figure 2 . The distributions of observed magnetic inclination angles, obs for various sub-samples of pulsars obtained by Gould (1994, left column) and Rankin (1993, right column) . The distributions are seen to agree quite well { see text for further details.
would further increase the concentration toward low values of in the parent population.
The question of alignment
The idea that the magnetic axis aligns with the rotation axis was rst analyzed analytically by Jones (1976) . Observational evidence for alignment has been put forward by Proszynski (1979) , Candy & Blair (1983 , 1986 and Lyne & Manchester (1988) . Recently, Pandey & Prasad (1996) argued in favour of alignment. However, many authors over the years argued against these claims (e.g. McKinnon 1993; Gould 1994; Gil & Han 1996) . Beskin et al. (1988) even argued in favour of counter-alignment based on their magnetospheric theory. It is therefore important to investigate any possible relation between the inclination angle and the spin-down age of pulsars since any such relation could have a signi cant in uence on the braking torque and hence on the pulsar ages and population statistics in general.
In Fig. 5 we have plotted the parent distribution of inclination angles for four di erent intervals of the characteristic spin-down age, , using the data from the lower panel of Fig. 3 . A tendency toward alignment is seen both in Gould's data (top two rows) and in Rankin's (bottom two rows). For c 1997 RAS, MNRAS 000, 1{12 Figure 3 . The parent distributions of magnetic inclination angles, as calculated from the sub-samples of observed pulsars presented in Fig. 2 . Notice how the shape of these distributions is cosine-like rather than at, as assumed by various authors { see text for details. each panel we have calculated the mean value of . This value is seen to decrease with age (Note that, in the panel with log( )>7.5, the mean value of is probably polluted from an unknown number of recycled pulsars). To investigate this alignment more carefully, we have done a simple statistical analysis. From our two observed binned datasets (lower panel of Fig. 2) we have plotted the characteristic age of the pulsars as a function of observed . For each bin ( = 10 ) we nd the mean value of and t these values to a straight line by minimizing 2 (Press et al. 1992, Chap. 15.2) . The results of this calculation are shown in Fig. 6 where we have plotted the mean values of (circles) and the straight line which tted the data best (solid line), including standard error bars. The tendency toward alignment is seen in both datasets, though the scatter of individual data points in the diagrams is large. From Fig. 6 we estimate an approximate value of the alignment time-scale of A 10 7 yr (see equation 11 for a de nition of A).
To understand the braking mechanism of pulsars it is important to nd out if such an anti-correlation between and = P=2 _ P is a consequence of an ( ;P) or an ( ; _ P) relation, or both. Fig. 7 shows that the alignment ( decreasing with ) is a consequence of both decreasing with P and increasing with _ P (though the evidence in favour of the latter statement is quite weak { especially for Gould's data). However, since both P and _ P are functions of time, will appear to be a function of both P and _ P, even if is just a function of time.
Pulsar luminosities and the beam structure
We now consider the distribution of the radio luminosities { another important pulsar parameter. The radio luminosity is de ned from: L = S400 d 2 , where S400 is the ux density (mJy) at 400 MHz and d is the distance (kpc) to the pulsar. In the following we concentrate on Gould's dataset of 316 pulsars since it contains 142 out of the 149 pulsars in Rankin's dataset. In Fig. 8 we have plotted the luminosity, L, as a function of . The distribution seems to follow the type of luminosity function suggested by Stollman (1987) { i.e. a constant value for young pulsars ( < 1 Myr) and otherwise decreasing linearly with log .
If the maximum rate of the position-angle swing, (d =d')max, is measurable and is known, then we can calculate the impact parameter, , of the line of sight with respect to the magnetic-eld axis. Thus we have a tool for probing the beam structure. In Fig. 9 (top panel) we have plotted L as a function of the absolute value of the norc 1997 RAS, MNRAS 000, 1{12 Figure 5 . The parent distribution of for four di erent intervals of . A tendency toward alignment is seen in both Gould's data (top panels) and Rankin's (bottom panels). The mean value of is given in each panel.
malized impact parameter j nj. This plot shows a somewhat surprising result: the radio luminosity across the beam is clearly not dependent on . This result also remains valid if we divide our sample into two sub-samples consisting of pulsars with < 5 Myr and > 5 Myr, respectively.
A knowledge of the distribution of j nj for the pulsar population provides important clues about the shape of the pulsar emission beam. Lyne & Manchester (1988) argue that emission within the beam boundary is likely to be patchy with a random distribution of component locations. To test this hypothesis we have plotted the distribution of j nj in the bottom panel of Fig. 9 (solid line). The histogram contains an additional 15 pulsars which are not represented in the top panel of Fig. 9 because of their unmeasured ux density. We have compared the distribution of j nj with the expected distribution (dashed line) if the locations of components are indeed random within a uniform beam boundary. In this case, we can calculate the probability of having y1 < j nj < y2, where 0 6 y1 < y2 6 1, which is equivalent to the probability that the line of sight intersects the beam at a given distance from its axis: P(y1 < j nj < y2) = 2 ? y2 A 2 -test (Press et al. 1992, equation 14.3.3) shows that the two distributions of j nj are consistent with a single distribution function at the 68 per cent con dence level. Hence, observations seem to support the idea of randomly placed components of roughly equal intensity. There is no evidence in Fig. 9 for enhanced core emission, but this is probably a selection e ect, as many core-dominated pulsars have unresolved position-angle swings near their centre and hence have undetermined or over-estimated values of .
DISCUSSION 4.1 Torque decay in isolated neutron stars
In this paper we have presented some evidence which indicates that pulsar's magnetic and rotational axes align on a time-scale of 10 7 yr. A crucial question for investigating the spin evolution of pulsars is therefore: to what extent does the braking torque depend on inclination angle? In the magnetic-dipole model (Pacini 1967 (Pacini , 1968 Ostriker & Gunn 1969 ) the spin-down energy is carried away by magnetic dipole radiation: _ E = I _ = ? 2 3c 3 j mj 2 = ? 2B 2 R 6 4 sin 2 3c 3 (9) where R is the radius of the neutron star, I is the moment of inertia, B is the strength of the dipole component of the magnetic eld at its surface, is the rotational frequency, m is the magnetic dipole moment and is the magnetic inclination angle. Hence, in this model the radiation-reaction torque (N = I _ ) transmitted to the star by the magnetic eld is proportional to sin 2 . From the above equation one obtains: P _ P = 8 2 R 6 3c 3 I B 2 sin 2 :
If we assume a time dependence of of the form suggested by Jones (1976) :
sin (t) = sin 0 e ?(t?t 0 )= A ;
then integration of equation (10) 6 shows that this is not the case. Many pulsars with > 3:2 10 7 yr (assuming A = 10 7 yr; cf. Section 3.2) have > 21:6 . This discrepancy may be attributed to a signi cant error in our initial assumption that depends on the braking torque, or in the modelling of the time dependence of the alignment process (cf. equation 11). However, it could also be a result of completely misinterpreted polarization parameters for those pulsars. For a general discussion on the uncertainties of and { see Manchester, Han & Qiao (1997) .
In the Goldreich & Julian (1969) model of the nonvacuum magnetosphere of a pulsar, _ E is of the same magnitude as in equation (9), but the braking torque is independent of (in their model 0). This idea may be supported by our analysis to some extent since the anti-correlation of with P seems more convincing than the correlation of with _ P (Fig. 7) . This raises the interesting question: is small because is large or is large because is small?
We conclude that, although there is a tendency toward alignment with increasing age, the spread in our diagrams prevents us from concluding much about its e ect on torque decay in isolated neutron stars. The problem is not helped by the tight interaction between the decay time-scale, the true age, the characteristic age, the braking index and the dynamical equations of rotation. Also, the assumption that the magnetic eld has a dipole structure is questionable.
Furthermore, the braking index, n, is likely to be time dependent and there is no simple analytical solution to the integration of the power-law: _ = ?K n(t) .
Applications for statistical studies of pulsars
We have demonstrated that the distribution of magnetic inclination angles for the parent population of all pulsars in the Galaxy is not at (i.e. not random) but highly concentrated towards small values of . Because of selection e ects, the actual distribution is even more concentrated towards small values of , since nearly aligned pulsars are harder to detect because they have wide beam pro les. Also, they are older and hence generally fainter and more distant owing to the high space velocities of pulsars. Since the beaming fraction, f( ; ) is quite sensitive to , this means that the mean value of f( ; ) = hfi is smaller than the value usually quoted in the literature. We nd that hfi = 0:10. This value di ers from values assumed in recent publications on pulsar statistics, e.g. by Lorimer et al. (1993) who assumed a random distribution of and f 0:20 for estimating the total Galactic pulsar population and birthrate, and Bhattacharya et al. (1992) who also assumed a somewhat high value for f.
To overcome the problem with the unknown beaming factor, Lorimer et al. (1993) also estimated the birthrate of potentially observable pulsars with L > 10 mJy kpc 2 . As a rst approximation, using their result in combination with hfi = 0:10 as derived in this paper, we nd that a pulsar is born once every 50 to 170 yr in our Galaxy. However, we cannot directly use the results of Lorimer et al., for example, since they assumed that their input distributions are not coupled to . The important thing to emphasize is that, if other parameters are coupled to (e.g. P; L), then their distributions are a ected by the distribution of . A new population synthesis which takes these facts into account should be done, but is not within the scope of this paper.
The beaming fraction
For those pulsars with estimated inclination angle, , we can use equation (4) to estimate the beam radius, , and thus nd the beaming fraction, f from equation (7). Fig. 10 (left panel) gives the beaming fraction as a function of period and shows that the beaming fraction decreases with the period of the pulsar. From a t to this plot we obtain the following relationship between f and P: f = 9 (log P 10 ) 2 + 3 (15) where f is the beaming fraction in per cent and P is the rotational period of the pulsar in seconds. One might expect to see an inverse relation between the beaming fraction and the characteristic age, , of pulsars because f is a decreasing function of P, as shown above, and increases with P. However, since (or actually _ P) varies by more than four orders of magnitude for pulsars with a given P, the anti-correlation between f and is expected to be quite weak. This is con rmed in the right-hand panel of Fig. 10 . We have excluded pulsars with > 100 Myr, since a relatively large fraction of these pulsars is likely to be recycled. Though the scattering is large we have tried to make a t through the mean values of f, calculated in the di erent bins of . The result is: f = 1:1 (log 100 ) 2 + 15 (16) where f is the beaming fraction in per cent and is the characteristic age of the pulsar in units of Myr.
CONCLUSIONS
The distribution of inclination of the magnetic-eld axis, , for the parent population of all pulsars is not at but highly concentrated towards small values of . This has important consequences for statistical studies of the pulsar population. Based on the distribution of for the parent pulsar population, we nd that the mean value of the beaming fraction is hfi = 0:10 0:02. Furthermore, we have demonstrated that the radio luminosity of pulsars is independent of the impact parameter. The distribution of the normalized impact parameters seems to support the idea of random component locations within the beam boundary. There is some evidence that the magnetic and rotational axes of isolated neutron stars align on a time-scale of 10 7 yr, although the scatter is large. However, we conclude that very little can be learned about the braking torque acting on isolated neutron stars from indications of alignment because of the many coupled parameters which in uence the torque.
